Two dynamical models that have been proposed for determining aspects of confined plasma behavior around L-H transitions are analysed using singularity theory and stability theory. The recognition problem for the unperturbed bifurcation sets is solved by applying singularity theory methods to determine the normal form and codimension of the singular points. We find that in both cases the unperturbed models are overdetermined bifurcation problems, and show how universal unfoldings improve the relationship between the mathematical models and the dynamical systems they represent. The question is addressed of whether and to what extent the bifurcation structures of the models indicate mutual equivalence.
It is a well-known fact that an overdetermined system of equations usually has no exact solutions. The consequences of overdetermination for a mathematical model can be severe, because a useful mathematical model of a physical system is intended to have predictive, as well as descriptive, value. In this paper we report a novel application of singularity theory methods [1] to resolve a subtle case of overdetermination in two dynamical systems that model L(low)-H(high) confinement state transitions and associated edge-localized modes (ELMs) in confined plasma devices. The analysis serves a dual purpose in also addressing the much-discussed question of whether second-order phase transitions occur in these circumstances. In examining one of the models, we also find a branch of solutions that predicts oscillatory transition to H-mode. Finally, since both models purport to describe the same phenomenology, we discuss briefly the issue of equivalence of the two models, in the light of the singularity theory results.
Mathematical models of dynamical systems are usually derived from idealized or simplified descriptions of real-world processes in the hope that some holistic, analytic insight may be obtained into the structure and behavior of the systems they are supposed to represent. This issue of overdetermination arises from considering the effects of perturbations to the sets of stationary states, or bifurcation diagrams, of idealized model dynamical systems containing one or more parameters. In a bifurcation diagram, a degenerate singular point that is persistent under variations of any existing parameters may be a symptom that the associated model is overdetermined, in a way that is not obvious to cursory inspection. The singular point is defined by the bifurcation problem itself -the equation for the fixed points of the vector field of the dynamical system -plus equations for the zeros of one or more derivatives of the bifurcation problem. In effect the augmented system may have more equations than unknowns, quite simply because one or more perturbational terms with variable coefficients are missing in the idealized, unperturbed model. In the language of singularity theory [1] , the codimension of a persistent, degenerate singular point exceeds the number of auxiliary parameters. The consequence of this type of overdetermination is pursued in this work. Briefly, it is this: an idealized model containing a persistent, degenerate singularity 2 cannot exhibit the qualitative features of a more realistic model where the singularity is unfolded by nonzero perturbational terms. What is worse is that real-world experiments, in which perturbations are inevitably present (nonzero masses, forces, and so on), are likely to exhibit behavior (mostly bad) that cannot be predicted by such a model. Sugama and Horton [2] (SH) and Lebedev et al [3] (LDGC) independently derived dynamical models that describe L-and H-mode dynamics and ELMs in a unified manner, and these are the models investigated here. They are superficially similar, in that both are threedimensional dynamical systems describing the coupled evolution of state variables related to the pressure gradient, the shear in the poloidal rotation, and the level of magnetohydrodynamic fluctuations in the edge region of a tokamak. However, the physical assumptions made in their derivations are rather different. In this paper we have sought not to comment on the physics pursued in the derivations, but rather to show that a canonical analysis of stationary-state bifurcations innate to the algebraic systems as given provides internal evidence that the derivations may have neglected important physics. Since we are concerned mainly with the stationary states we do not reproduce the dynamical equations of the SH and LDGC systems, although it should be kept in mind that our stability analysis (which is not dwelt on here, for reasons of economy, but is summarized in the bifurcation diagrams) necessarily refers to the time evolution of the dynamical equations.
The singularity theory analysis essentially consists of three steps. (1) Each model is formulated as the steady-state, scalar bifurcation problem
where x is the state variable and the controllable parameter λ is selected as the distinguished or principal bifurcation parameter. It is shown that the bifurcation diagrams contain one or more persistent degenerate singularities. (2) We apply singularity theory methods to solve the recognition problem for the unperturbed bifurcation sets, which immediately gives the type, or normal form, and codimension of the highest order bifurcation present in each system. (3) The bifurcation sets are perturbed explicitly to obtain universal unfoldings of the form Singularity theory is concerned with the qualities of Eqs. (1) and (2) that determine the dynamics of an associated physical system. In the present context the two most fundamental concepts are those of (1) qualitative equivalence: singularity theory defines criteria by which two algebraic systems have equivalent solution sets, and (2) codimension: the number of auxiliary parameters, k in Eq. (2), required for a universal unfolding of a bifurcation problem. Together, these two concepts provide a precise catalogue of all of the different bifurcation behavior that we can expect to find.
The semiotics of singularity theory (and its dissemination) owes much to the elementary catastrophe theory proposed by Thom [4] in the 1960s. In substance, however, the provenance of singularity theory can be traced to the work of Poincaré, and the original exposition was by Whitney in 1955 [5] . It was developed rigorously by Martinet [6] , Arnol'd [7] , and others, and unified and extended to multivariable and symmetric systems by Golubitsky & Schaeffer [1] . Diverse problems in mechanical, biological, and chemical [8, 9] systems have been treated successfully using singularity theory methods. This is the first systematic application of singularity theory to bifurcation problems in plasma physics.
The SH system: In the steady state the basic SH system may be expressed as the bifurcation function
where the state variable u is the potential energy related to the pressure gradient and the control parameter q is an energy input rate. The parameter d is a diffusivity coefficient, and a and b are numerical factors. (Note: The dynamical equations for this system also contain a parameter c, which cancels out in the steady state.) Figure 1 shows the bifurcation diagram. (In this and subsequent diagrams stable solutions are indicated by solid lines, unstable solutions by dashed lines, and branches of limit cycles by dotted lines, which mark the maximum and minimum amplitude.) Quasistatic increments in q lead the system along the lower stable solution branch, identified as the L-mode. The stable steady states actually persist through the singular point A, and we see that stability is lost at the lower Hopf bifurcation, which gives rise to a short branch of limit cycles. A jump to the upper stable (H-mode) branch, identified with the L-H transition, occurs when q is increased beyond the terminus of the lower limit cycle branch. Further along the H-mode branch a switch in stability occurs at another Hopf bifurcation, beyond which the attractor is a stable limit cycle, associated with an ELM state. Decreasing q leads to the limit point, where the system must "extinguish" to the lower stable branch. This is identified as the H-L transition. The unperturbed SH model thus predicts oscillatory "ignition" to H-mode, which accords with experimental observations in various devices [10] . (Sugama and Horton apparently did not find the lower solution branch to the right of A and its branch of limit cycles; they assumed that the L-H transition must occur at A.) The hysteretic nature of the state transition is compatible with more recent experimental observations [11, 12] , and the quiescent H-mode and oscillating H-mode have also been observed.
However, the derivative discontinuity at A in Fig. 1 is problematic. We are led to ponder on the physical cause in this system of a continuous change in the state variables associated with a discontinuity of quantities related to their derivatives. Such "second-order" phase transitions are usually related to changes in the symmetry properties of highly ordered systems [13] . It should also be noted that the singular point A is persistent over variations in the other parameters that remain in the steady state. For these reasons we suspect that there may not be enough independent parameters in the model. Solution of the recognition 5 problem, step (2) , indicates that the model may be overdetermined as a bifurcation problem. 
Proof.-The recognition problem is solved by applying the following theorem, adapted from
[1]: Theorem 1.-A germ g(x, λ) is strongly equivalent to the normal form h(x, λ) = εx 3 +δλx if and only if, at the fixed point (x 0 , λ 0 ),
In Eq. 3 we identify the state variable u ≡ x and the distinguished parameter q ≡ λ and evaluate the defining conditions (5a) at the point A = (u 0 , q 0 ). We find that g = g u = g q = 0,
The non-degeneracy conditions (5b) then evaluate as g uuu = −6/(u 0 d) and g uq = 2/u 0 . Equation (4) for the normal form is inferred.
It is the prototypic pitchfork, a codimension 2 bifurcation which by definition requires two auxiliary parameters for an unfolding that contains, to qualitative equivalence, all possible perturbations of g. Evidently, the (nonzero) factors a and b are "silent" parameters, meaning that they do not exert any qualitative effects on the codimension 2 structure of the system. 
is a universal unfolding of the germ (3). It is equivalent to the prototypic universal unfolding of the pitchfork
where d = d 0 ± β. The proof is not presented here; instead we focus on the topological consequences of the universal unfolding. Specifically, the universal unfolding (6) In (a) the important point to note is that in this régime of the unfolding parameters (α < 0, d < 1/(5a)) the L-H transition is essentially oscillatory, and in fact these oscillations have the sawtooth form that has been observed in so-called dithering H-mode transitions [10] .
A jump to H-mode may not occur at all in (b), unless the system is initially placed on the very short lower stable branch or the lower limit cycle branch. No jump down is possible by small perturbations! In (c) we have the novel and intriguing possibility of an H-to L-mode transition to an oscillatory state as q is increased from zero.
There are no less than three ways in which L-H transitions may be achieved in in (d).
From the left-hand stable branches classical hysteretic ignition/extinction occurs. On the short lower stable branch increasing q leads the system into oscillatory behavior then a jump to the upper stable branch. Decreasing q on the short lower stable branch also leads to a jump to the upper branch! Now it can be seen why the unperturbed bifurcation set, Fig. 2(e) , and the partially perturbed bifurcation set, Fig. 1, cannot predict The LDGC system: The steady states of this system are summarized in the bifurcation diagram of Fig. 3 , where the control parameter is φ, the particle flux, and the state variable is p, the pressure gradient. Quasistatic increments in φ move the system along the lower stable branch, identified as the L-mode. At point A the system must move onto the intermediate Near the point B in Fig. 3 the bifurcation equation for the LDGC system may be written
In a region arbitrarily near C in Fig. 3 , the bifurcation equation is
The singularity theory analysis of the LDGC system broadly follows the previous procedure and is not detailed here. As before, we focus on the qualitative structure of the unperturbed and perturbed systems. The result shows that at points B and C there is a codimension 1 bifurcation known as the transcritical or simple bifurcation, which by definition, requires one auxiliary parameter α for a universal unfolding. The two qualitatively distinct bifurcation diagrams for the universal unfolding are shown in Fig. 4 . In (a) there are no connections 8 between the two branches of stable stationary solutions. The Hopf bifurcation initiates a branch of stable limit cycles which switches stability at a turning point, implying that (on a phase plane) a stable orbit is surrounded by an unstable orbit. In (b) a branch of stable limit cycles connects the two stable stationary branches. The point A in Fig. 3 , which clearly is not unfolded by the one-parameter perturbation, is in fact a simple limit point -a somewhat surprising result that will be detailed elsewhere. The limit point is its own universal unfolding, i.e., persistent to small perturbations, which also implies that it has a codimension of zero. An immediate consequence of this analysis is that no second-order phase transition exists in the system.
We conclude by summarizing the important points that have been brought out in the singularity theory treatment of these problems: (1) The SH system is a codimension 2 bifurcation problem, containing the pitchfork bifurcation. The unperturbed system requires two auxiliary parameters for a universal unfolding and hence complete determination. The first unfolding parameter α must be explicitly inserted. The second unfolding parameter d is already present and has the critical value of 1/5a. (2) The LDGC system is a codimension 1 bifurcation problem, containing two transcritical or simple bifurcations. A universal unfolding of the unperturbed system is provided by a single auxiliary parameter α. The two systems as given are thus structurally dissimilar. However, the fact that the two models describe the same phenomena indicates that the LDGC system may be a partially collapsed subset of a codimension 2 system. In a forthcoming work we show that this is indeed the case, and explore the physical meaning of the unfolding parameters. (In the physics of the processes they may be interpreted as perturbational terms, e.g., α ≡ P (u, q, d, α).) A fortiori we can also say that second-order phase transitions, if they exist in these systems, could only be observed on variation of three parameters simultaneously. 
